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Abstract
We have conclusively established the duality between noncommutative Maxwell–Chern–Simons theory and self-dual model,
the latter in ordinary spacetime, to the first nontrivial order in the noncommutativity parameter θµν , with θ0i = 0. This shows
that the former theory is free for marginally noncommutative spacetimes. A θ-generalized covariant mapping between the
variables of the two models in question has been derived explicitly, that converts one model to the other, including the symplectic
structure and action.
 2004 Published by Elsevier B.V.
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Open access under CC BY license.In this Letter we provide an example of a noncom-
mutative (NC) free field theory in 2+ 1 dimensions—
the NC abelian Maxwell–Chern–Simons (MCS) the-
ory. Our analysis is perturbative in θµν—the non-
commutativity parameter—to the first nontrivial order.
Hence, the result is valid for spacetimes with small
noncommutativity. This is a nontrivial result since the
noncommutativity generates nonlinear derivative type
of interaction terms in the action. We show in a con-
clusive way that NC MCS theory is dual to the abelian
self-dual (SD) model (in ordinary spacetime). The lat-
ter model was shown to represent a free massive spin
one excitation by Deser and Jackiw [1]. They also
proved that SD model was dual to the well-known
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Open access under CC BY licenMCS (topologically massive gauge) theory [2].1 The
importance of the SD model was further enhanced
when it was shown to appear in the bosonization [3]
of the fermionic massive Thirring model in the large
fermion mass limit. In a generic way, the planar gauge
theories have played important roles in the context of
physically interesting phenomena (that are effectively
planar), such as quantum Hall effect, high-TC super-
conductivity, to name a few and in anyon physics,
where excitations having arbitrary spin and statistics
appear.
We restrict ourselves to only spatial noncommuta-
tivity (θ0i = 0) and the results are valid to the first non-
1 It is important to note that the effect of the Chern–Simons
term is not perturbative in nature. In its absence, the (2 + 1)-
dimensional pure Maxwell theory describes a free massless spin
zero excitation [2].se.
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as defined below:
(1)[xρ, xσ ]∗ = iθρσ .
The ∗-product is given by the Moyal–Weyl formula
(2)p(x) ∗ q(x)= pq + i
2
θρσ ∂ρp∂σ q + O(θ2).
The reason for invoking θ0i = 0 is that spacetime non-
commutativity can induce higher-order time deriva-
tives leading to a loss of causality. Also, even to O(θ),
it can alter the symplectic structure in a significant
way, that might result in a nonperturbative change in
the dynamics, which we want to avoid.
The study of NC quantum field theory has ac-
quired a prominent place after the seminal work of
Seiberg and Witten [4], who showed that NC mani-
folds emerge naturally in the context of D-branes on
which an open string can terminate (in the presence of
a two-form background field). Field theories living on
D-branes are essentially NC. The effects of noncom-
mutativity can be systematically studied in a pertur-
bative way by exploiting the Seiberg–Witten map [4],
which converts an NC theory to a conventional theory
in ordinary spacetime. The NC effects appear as in-
teraction terms. Even though the basic field theoretic
framework remains unaltered (for θ0i = 0), the non-
commutativity induces a plethora of distinctive fea-
tures, such as UV/IR mixing [5], presence of solitons
in higher-dimensional scalar theory [6], excitations of
dipolar nature [7], to name a few. Thus one is inter-
ested to know how the noncommutativity affects es-
tablished properties of conventional field theories and
one such area is the duality (or equivalence) between
field theories—in particular, the MCS–SD duality [1],
the case of present interest. It has been shown [8]
that the NC Chern–Simons theory is free. However, in
our approach of exploiting the Seiberg–Witten map,
this result is expected since under the above mapping,
the NC Chern–Simons theory reduces to commutative
Chern–Simons theory to all orders of θ and hence the
results corresponding to commutative Chern–Simons
theory should hold.
It is worthwhile to point out the rationale of
restricting the analysis to O(θ) only in the present
context. Ever since the advent of noncommutativity
feature in spacetime, O(θ) results in noncommutative
field theory have played a significant role, primarilybecause in many cases, O(θ) modifications tend
to depart from commutative spacetime results in a
nontrivial way. As we are going to study the effects
of NC spacetime on an already established result
in ordinary spacetime (i.e., the MCS and self-dual
model equivalence [2]), it is indeed logical to look
for modifications in the leading order in θ . This is
quite in keeping with the spirit of our work [9,10]
where effects of noncommutativity are looked at in
the context of CP(1) solitons [11] and in solitons in
the Chern–Simons–Higgs system [12], respectively.
On the other hand, as a contrasting example, one
should consider the case of NC solitons in a scalar
theory in [6], where a large θ limit has been pursued.
This is natural since these latter NC solitons are
completely new entities of NC spacetime, having no
counterpart in the corresponding ordinary spacetime
theory. Furthermore, our methodology relies heavily
on the Seiberg–Witten map [4], which is free from any
ambiguity up to O(θ).
Recently several papers have appeared in this
context [13–16] and the results have not always
agreed. The primary reason for the ambiguity is that
all the works have tried to establish the duality by way
of comparing the actions and showing that they are
related in some way [14,15], such as via a “Master”
Lagrangian [1]. In [16], two actions are termed as dual
when one of them becomes equal to the other on the
surface of the equations of motion. But in both of the
above instances, it is not clear whether the two actions,
satisfying only the above criteria of duality, share the
same symplectic structure and subsequent dynamics.
We point out that no discussions on the symplectic
structure of the variables (that dictates the dynamics)
or an explicit mapping between the degrees of freedom
of the two purported dual theories (NC MCS and NC
SD), have been attempted so far. By itself, relating the
actions cannot prove duality conclusively and should
only be considered as a confirmatory test of duality,
obtained in a more fundamental way, concerning the
basic fields. The latter scheme obviously suggests
the former relation at the level of actions. In fact it
should be remembered that in the original work [1],
the duality was first proved at the level of symplectic
structures of MCS and SD models. Subsequently
a mapping was provided which can bodily convert
one model in to the other totally and only then
a Master action was provided to corroborate the
S. Ghosh / Physics Letters B 583 (2004) 347–352 349previous findings. We will precisely follow this route
but will not attempt the last one—construction of the
Master action.
Our metric is gµν = diag(1,−1,−1). The NC
MCS model is defined in the following way [14]:
LˆMCS =
∫
d3x
[
−1
4
Fˆ µν ∗ Fˆµν
(3)+ m
2
µνλ
(
Aˆµ ∗ ∂νAˆλ + 23 iAˆµ ∗ Aˆν ∗ Aˆλ
)]
,
where
Fˆµν = ∂µAˆν − ∂νAˆµ − iAˆµ ∗ Aˆν + iAˆν ∗ Aˆµ.
We use the NC extension of the CS action derived
in [17]. Utilizing the Seiberg–Witten map, to the
lowest nontrivial order in θ ,
Aˆµ =Aµ + θσρAρ
(
∂σAµ − 12∂µAσ
)
,
(4)Fˆµν = Fµν + θρσ (FµρFνσ −Aρ∂σFµν),
we arrive at the following O(θ) modified form of
the NC MCS theory, expressed in terms of ordinary
spacetime variables
AˆMCS =
∫
d3x
[
−1
4
(
FµνFµν
+ 2θρσ
(
FµρF
ν
σFµν − 14FρσF
µνFµν
))
(5)+ m
2
µνλAµ∂νAλ
]
,
where Fµν = ∂µAν − ∂νAµ. It should be remembered
that under the Seiberg–Witten map, the NC CS term
exactly reduces to the CS term in ordinary spacetime.
In 2+1 dimensions, the action (5) is further simplified
to
AˆMCS =
∫
d3x
[
−1
4
FµνFµν + m2 
µνλAµ∂νAλ
(6)− 1
8
θρσFρσF
µνFµν
]
,
and leads to the equation of motion
∂µF
µν + m
2
ναβFαβ
(7)+ 1
4
∂µ
(
θµνF 2 + 2(θF )Fµν)= 0.As we are interested in the symplectic structure, we
now move on to the Hamiltonian formulation of the
above model and introduce the canonical momenta
and Poisson brackets:
Πµ ≡ δLˆMCS
δA˙µ
,
(8){Aµ(x, t),Πν(y, t)}=−gµνδ(x − y).
Here the nontrivial momenta are
(9)Πi = (1− θB)F 0i + m2 
ijAj .
Reverting to a noncovariant notation [1],
Ei = F i0, B =−ij ∂iAj =−F 12,
the momenta and Hamiltonian are obtained as
(10)Πi = (1− θB)Ei − m2 ijAj ,
(11)
HˆMCS ≡ΠiA˙i − LˆMCS
= 1
2
(1− θB)
×
[
(1− θB)−2
(
Πi + m
2
ijAj
)2
+B2
]
+A0
[
∂i
(
Πi + m
2
ijAj
)
+mB
]
= 1
2
(1− θB)(EiEi +B2)+A0Gˆ,
where the Gauss law constraint appears as
(12)Gˆ ≡ ∂i[(1− θB)Ei]+mB ≈ 0.
The relation (13) has been used to derive (11). Invert-
ing the relation (9) to express the electric field in terms
of phase space variables
Ei = (1− θB)−1
(
Πi + m
2
ijAj
)
(13)≈ (1+ θB)
(
Πi + m
2
ijAj
)
,
it is straightforward to compute the following algebra
among the electric and magnetic fields:{
Ei(x),Ej(y)
}
=mij (1+ 2θB)δ(x − y)
− θ[kjEi(x)+ kiEj (y)]∂k(x)δ(x − y),{
Ei(x),B(y)
}= ij [1+ θB(x)]∂j(x)δ(x − y),
(14){B(x),B(y)}= 0.
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exists a free field representation of Ei and B in terms
of (ϕ,π) obeying {ϕ(x),π(y)} = δ(x − y),
B ≡
√
−∇2 ϕ,
(15)Ei ≡ (1+ θB)(ij ∂ˆjπ −m∂ˆiϕ),
that satisfies the algebra (14). The notations used are
∇2 ≡ ∂i∂i, ∂ˆ i ≡ ∂i√−∇2 .
The backbone of our subsequent analysis is the
crucial observation that a new set of variables (E˜i, B˜)
can be introduced:
(16)E˜i ≡ (1− θB)Ei, B˜ ≡ B,
that obeys the θ = 0 algebra:
{
E˜i(x), E˜j (y)
}=mij δ(x − y),{
E˜i(x), B˜(y)
}= ij ∂j(x)δ(x − y),
(17){B˜(x), B˜(y)}= 0.
Exploiting the inverse relations,
Ei = (1− θB)−1E˜i ≈ (1+ θB˜)E˜i,
(18)B = B˜,
the Gauss law constraint and the Hamiltonian is
rewritten below:
(19)∂iE˜i +mB˜ ≈ 0,
(20)HMCS = 12
[
E˜i E˜i + B˜2 + θB˜(E˜iE˜i − B˜2)].
Since the (E˜i, B˜) algebra has become θ -independent,
we can use the ordinary spacetime free field represen-
tation
(21)B˜ ≡
√
−∇2 ϕ, E˜i ≡ ij ∂ˆj π −m∂ˆiϕ.
Indeed, the theory appears to be far from being free
since the θ -contribution in the Hamiltonian (20) has
apparently turned the theory in to a nonlocal one. This
is because unlike the θ = 0 part, which is quadratic,
the θ -term is of higher order and the nonlocal opera-
tors involved in the free field representation (21) can-
not be shifted around, even under the integral. How-
ever, we now show that to O(θ), this theory can be
identified to the abelian self-dual theory in ordinary
spacetime by means of a Lorentz covariant mapping
of the degrees of freedom. This constitutes our mainresult. The SD theory was solved long time ago [1]. It
represents a single free massive spin one mode.
The all important mapping between NC MCS
variables (E˜i, B˜) and SD variables (f µ) is
(22)E˜i ≡ ij f j , B˜ ≡−(f 0 + θX),
which has the covariant structure,
(23)1
2
µνλF˜νλ ≡ f µ + 12
µνλθνλX.
X is an as yet unknown scalar variable. Note that
the θ = 0 mapping was first given in [1]. The NC
extension of the map is such that only the identification
between the nondynamical time-components of the
respective vector fields is affected.
We now directly exploit (22) to express HMCS in
(20) in terms of f µ variables,
(24)Hf = 12
[
f if i + f 0f 0 + 2θf 0X+ θf 0f σfσ
]
.
This is trivially obtained from the first-order La-
grangian
Lf = 12f
µfµ − 12m
µνλfµ∂νfλ
(25)− 1
4
µνλθνλfµf
σfσ − 12
µνλθνλfµX.
The θ -term in (25) can be removed by putting X =
− 12f σfσ and we are left with the abelian self-dual
model in ordinary spacetime
(26)LSD = 12f
µfµ − 12m
µνλfµ∂νfλ.
This is our cherished result.
Obviously, this is the most economical form of the
dual theory. Some amount of nonuniqueness creeps
in through a nonvanishing X. However, as we have
emphasized, X has to be such that it does not vitiate
the symplectic structure between f i , the independent
dynamical degrees of freedom.
Some comments of the related recent works in the
perspective of the present analysis is in order. The
bone of contention happens to be the NC generaliza-
tion of the SD model. We have argued before (Ghosh
in [13,18,19]) that since the SD theory is a quadratic
theory with no gauge invariance, its natural extension
in the NC regime should be the same as the original
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text of NC Soldering phenomena [19] (see [20] for re-
views on Soldering formalism). This idea is echoed in
the present work as well.
Next, we come to the work in [15] where the du-
ality between NC MCS and NC SD model was stud-
ied from the Master action point of view, where the
NC SD model contains the NC Chern–Simons term.
At first sight it seems that this observation can be ac-
commodated in our analysis, since for θ0i = 0, the ex-
tra θ -dependent three f µ term µνλθαβfµ∂αfν∂βfλ in
the NC SD action of [15] reduces to ij θklf0∂kfi∂lfj
modulo total derivatives. Note that this term will not
affect the symplectic structure of the SD model but
will modify the constraint connecting f 0 to f i . But
the problem is that this action cannot be generated
from NC MCS theory by any covariant mapping be-
tween Fµ variables (of NC MCS) and f µ variables
(of NC SD) as in (23), without modifying the {f i, f j }
symplectic structure, that governs the dynamics. The
specialty of the mapping (23) is that it keeps the F i ⇔
f i identification unaltered. In this sense the duality de-
rived in [15] is weaker because the covariance in the
mapping will be lost.
On the other hand, [16] has started from the NC
SD model (with the NC Chern–Simons term) and has
obtained a dual theory which differs from the NC
MCS theory. It will be interesting to redo the analysis
along the lines demonstrated here taking the particular
version of NC SD theory in [16] as the starting point.
As a final remark, we mention that our analysis
of the duality relation is classical in nature and so
we were able to exploit the classical result that the
NC CS theory is mapped to the ordinary CS theory
via the Seiberg–Witten map. Obviously, the nonper-
turbative effects of θ leading to the quantization of the
level of the NC CS model [21] in the quantum theory
cannot be addressed in the perturbative framework of
the Seiberg–Witten map. In fact, even in a perturba-
tive computational scheme, recently it has been shown
[22] that mapping between NC and ordinary CS the-
ories as quantum theories, requires a modification in
the Seiberg–Witten map itself, where quantum cor-
rections are to be incorporated. As an interesting fu-
ture problem, one might study the quantum equiva-
lence between the NC and ordinary self-dual models
along the lines of [22] since in this case also, both
ordinary and NC forms of the actions are known ex-actly. This is essential for the perturbative analysis
[23]. This will also establish the duality between NC
MCS and NC self-dual models in their quantized ver-
sion, thus generalizing the O(θ) classical result pre-
sented here.
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